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Answer ALL questions. Write your answers in the spaces provided.

1. A complex number z = x + iy is represented by the point P in an Argand diagram.

Given that
|z = 3[=4|z+ 1]
(a) show that the locus of P has equation

15x* + 15> +38x +7=0
(2)
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(b) Hence find the maximum value of |z|
3)
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Question 1 continued
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(Total for Question 1 is 5 marks)
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S-1: Eigenvolues & Eigenvectors
2. The matrix A is given by S'3: Reduung Motvices 1o Diagonal form

6 -2 2
A=|-2 3 -1
2 -1 3

(a) Show that 2 is a repeated eigenvalue of A and find the other eigenvalue.
(b) Hence find three non-parallel eigenvectors of A.

(c) Find a matrix P such that P'AP is a diagonal matrix.

6. Charageishe eq”: det [A-AT)-0

6 -2 1 | ©0 O
A_QI= -1 3 -1 —A (o] [ (o]
2 -1 3 O 0

-z 3-2A
2 -

=0

()| 3-2 -V |-to]-2 - | + ()
-t 3- 1T 3-A

(6 a)[(s—n(s-a)-(—l)t-n] + m[(—l)ts—;\)-m(~n] + (n[ - - (1)(3-:\!] =0

ls—:\)[a‘-s;\-smm |]* m[- 6r2a+2 ] m[a—sna] -0
m-m[f—&w] + fta-4]) (2)['2*,\»4-]=0
6?«1—3&1 43 '23-t 631—32 +4A-8+42-8:-0
-a%2122%- 362 +32-0
a%-17at + 342 320
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Question 2 continued
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Question 2 continued
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Question 2 continued
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(Total for Question 2 is 11 marks)
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4V Formng Rewwence Retonons 437 Solwng 1" Oraer  Recusrnce  Relechons
3. The number of visits to a website, in any particular month, is modelled as the number
of visits received in the previous month plus & times the number of visits received in the
month before that, where £ is a positive constant. L Kk x Vi, 8
\[pgi‘ven that V_ is the number of visits to the website in month n, %
=
(a) write down a general recurrence relation for ¥ in terms of V _ , V' and k. 5
M =
m
For a particular website you are given that 2
« k=024 @ 3
+ In month 1, there were 65 visits to the website. @ 7
* In month 2, there were 71 visits to the website. (@) =
ITY
(b) Show that =
V. =50(1.2)" = 25(=0.2)"
3)
This model predicts that the number of visits to this website will exceed one million for
the first time in month N. &
(c) Find the value of N. o
@) g
Q. Vm; Q Vn" 4 Kvn” g
s
m
i 15
b. @ Vare = Voo + 024 V, é
@ v, 65 >
m
@ V- ™ S
Solve  yewitence velohon ®
i
Ouxilory eq*: ¥ -V - O d4=0
vi:-v-0:0
(v -1)(rr02)-0
V:}Z or v: -0
n n
Va: All2) + Bl-o1)
sub W Nl aaer N2 o form L eq"S and  solve Sim ulraneous ly
L ) &5
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Question 3 continued
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4. (i) Use Fermat’s Little Theorem to find the least positive residue of 6°*> modulo 13

(i1) Seven students, Alan, Brenda, Charles, Devindra, Enid, Felix and Graham, are
attending a concert and will sit in a particular row of 7 seats. Find the number of
ways they can be seated if

(a) there are no restrictions where they sit in the row,
(b) Alan, Enid, Felix and Graham sit together,
(c) Brenda sits at one end of the row and Graham sits at the other end of the row,

(d) Charles and Devindra do not sit together.

) 3- 1”2
i. Foimard Lite Theorem: o =0 =1 (moa 13)
Cis & pnme no.

6" Almod 13)

654l= (6"‘)45!& 61_

L (6™ x6" (moa 13)
- ) % 6% (moa 13)
36 (monr 13)

10 (moa 13)

10 (NOd 13)”

.. nd
0. 0o gesnchons — 7 choices for 1 sear, 6Cnhowes  for 27 Seat. S cnowes  for 3™ Seat aea ...

S 3
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Question 4 continued
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(Total for Question 4 is 12 marks)
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5.
I = J-cosec"xdx ne Ses
n c X
o
(a) Prove that, for n > 2 2 '
n-2 o 1%
n—2 cosec"*xcot x =
]n = 1 In—Z - 1 ITEX
" " z
) I
@
(b) Hence show that ;; :
P B>
2 56
coseclxdx = —/3
.[” 135
3
4) 55
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n-1

n~
Yoo -covomed x - ('\'ﬂ.'(ostcnl - e x ax )epul_tnsMiol_um Z

n-3

- 1) + a ox

Yo - covoteost™ s - tﬂ'ﬂ.+ nnl,, N sowe for TIn
To (Vv 00) s 0Tz - choome™y

1
In ln‘l): t’\"n] n-Z - mlmw p 3 N\ {n-) on_botn __swes
T, WX, - ooroLoned”
n-1\

12

p 6 11 8 3 A 01 2 2 8



DO NOT WRITE IN THIS AREA

L
o
o
n
=
ot
=
=
o o0
=
=
g
o.
95088
{® 3
o

 DONOTWRITEINTHIS AREA

r

Question 5 continued
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6. (1) A binary operation * is defined on positive real numbers by 2-4: | somorphism
a*b=a+b+ab g
]
=
Prove that the operation * is associative. 2
4 =
a
(i) The set G = {1, 2, 3,4, 5,6} forms a group under the operationsof multiplication =
o (Ox ©) mea F =
(a) Show that G is cyclic. o
) 43
Er)
Theset H= {1,5,7, 11, 13,17} forms a group under the operation of T
multiplication modulo 18
(b) List all the subgroups of H.
3)
(c) Describe an isomorphism between G and H. 55
3) B
o

. To prove ossocodwty: 0 * (b s+ c)= (arv) » ¢

(a *b) % ¢
’(a+b+alo)-¥(,
a4btab + ¢ + (o +b +ab)le)

T Oitbhb 4+ b+ 4 GC 4 bL + &bl

a #(w % )

0o+ (b1 c+be)

"a4btcCcrbe + (brc + be)o)

Otb+ €+ b+ ooy OC + OBC

LHS = RHS - ¥ s assOuahwe
ia.

G RV ]|2|3|a|s|6
1192 |3 |4 |s |6
2|2|4a|6|1|3]|S
313|625 | |
a|lg|V|S|2|6]|3
s{s|3[1v]6 4|2
6|l6|s|4|3|2]

.
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Question 6 continued
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Question 6 continued
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3-3:{Tvansformahons of me  Complex Plane

7. A transformation from the z-plane to the w-plane is given by

3iz-2 . o)
w= - z # -1 o
zZ+1 =
S
(a) Show that the circle C with equation |z +i|= 1 in the z-plane is mapped to a circle ;%
D in the w-plane, giving a Cartesian equation for D. o
C)) =
2
(b) Sketch C and D on Argand diagrams. 5:'
(2) &
. B
Tre p -]
Wwlz+c)=3iz-2
WEr Wi = 3T - reavvange
Arwe = 3T -w for &
Arpe = 2 (32-w)
= T we g
- W g
S8
=
_sub s wmio | wril-d =
o 8
Trwi | _— é
3w | S
=)
L)

Trwirildi-w) |- 4
2i-w

et 43w |- 1

i
1-3 |-1a
3i-w |
\ -\ "1 LN
) sl wang & ol
Tule Fle] T el
ol Ly
13i-wl \ 0=
\ 1
13i- W)

Ri-w) = 1 ) factor out -1
\(—ﬂ(-swu)hl o make W tve.
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Question 7 continued
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Figure 1

Figure 1 shows the vertical cross section of a child’s spinning top. The point 4 is
vertically above the point B and the height of the spinning top is 5cm.

The line CD is perpendicular to AB such that CD is the maximum width of the spinning top.

The spinning top is modelled as the solid of revolution created when part of the curve
with polar equation

> = 25co0s20

is rotated through 2n radians about the initial line.

(a) Show that, according to the model, the surface area of the spinning top is
k(2 — ~/2) e

where k is a constant to be determined.

(7)
. . 5\2
(b) Show that, according to the model, the length CD is Tcm.
(6)
olo |2 |5|2]3|%|%|%
s [Flo[x|x[x]o s

only foms on 1 wrve
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Question 8 continued
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